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Abstract
We apply the Painleve´ test for integrability to a new discrete (differ-
ential-difference) nonlinear Schro¨dinger equation introduced by Leon and
Manna. Since the singular expansions of solutions of this equation turn
out to contain nondominant logarithmic terms, we conclude that the stud-
ied equation is nonintegrable. This result supports the observation of Levi
and Yamilov that the Leon–Manna equation does not admit high-order
generalized symmetries. As a byproduct of the singularity analysis car-
ried out, we obtain a new discrete equation which should be integrable
according to a conjecture of Weiss.
1 Introduction
Leon and Manna [1] introduced the following new discrete (differential-differ-
ence) nonlinear Schro¨dinger equation:
α∂2t ψm = iβ (ψm+1 − ψm−1) + 2 |ψm|
2 ψm, (1)
where α and β are nonzero real parameters, m = 0,±1,±2, . . . . This equa-
tion (1) was derived in [1] from the integrable Toda lattice equation using the
reductive perturbation analysis. Later Levi and Yamilov [2] studied the inte-
grability of (1) by means of the generalized symmetry analysis, and found that
the equation (1) does not admit local generalized symmetries of order higher
than three and, hence, does not possess the same integrability properties as of
the Toda lattice equation, from which it has been derived.
In the present research note, we study the integrability of the Leon–Manna
equation (1) by means of the Painleve´ test, following the Ablowitz–Ramani–
Segur algorithm of singularity analysis [3] (see also the review [4]). We discover
the presence of nondominant logarithmic terms in the singular expansions of
solutions of (1). This brings us to the same conclusion as made in [2], namely,
that the new discrete nonlinear Schro¨dinger equation (1) must be nonintegrable.
As a byproduct of the singularity analysis carried out, we obtain a new discrete
equation which should be integrable according to the conjecture formulated by
Weiss in [5].
1
2 Singularity analysis
Following [2], we study the equation (1) in its equivalent form:
∂2t um − u
2
mvm − um+1 + um−1 = 0,
∂2t vm − v
2
mum + vm+1 − vm−1 = 0,
(2)
m = 0,±1,±2, . . . , where um and vm stand for ψm and ψ¯m, and a complex-
valued scale transformation of variables has been made.
From the standpoint of singularity analysis, the equation (2) is an infinite
system of second-order nonlinear ordinary differential equations, which admits
infinitely many branches of the dominant behavior of solutions, i.e. the choices
of constants σm, τm, um,0, vm,0 in um = um,0φ
σm + · · · and vm = vm,0φ
τm + · · · ,
where m = 0,±1,±2, . . . and ∂tφ = 1. We will analyze only one of those
branches, namely,
σm = τm = −1, um,0vm,0 = 2, m = 0,±1,±2, . . . . (3)
Using the expansions
um = um,0φ
−1 + · · ·+ um,rmφ
rm−1 + · · · ,
vm = vm,0φ
−1 + · · ·+ vm,rmφ
rm−1 + · · ·
(4)
with um,0vm,0 = 2, we find from (2) that the positions of resonances are rm =
−1, 0, 3, 4, for all m, m = 0,±1,±2, . . . . Though this branch (3) represents only
a special type of the singular behavior of solutions, its analysis is sufficient for
reaching the conclusion that the system (2) does not pass the Painleve´ test for
integrability.
Assuming that the solutions of (2) are represented in the case of (3) by the
Laurent type expansions
um =
∞∑
i=0
um,iφ
i−1, vm =
∞∑
i=0
vm,iφ
i−1, (5)
with ∂tφ = 1, we find the following recursion relations for the constant coeffi-
cients um,n and vm,n, m = 0,±1,±2, . . . , n = 0, 1, 2, . . . :
(n− 1)(n− 2)um,n −
n∑
i=0
n−i∑
j=0
um,ium,jvm,n−i−j
+ um−1,n−2 − um+1,n−2 = 0,
(n− 1)(n− 2)vm,n −
n∑
i=0
n−i∑
j=0
vm,ivm,jum,n−i−j
− vm−1,n−2 + vm+1,n−2 = 0,
(6)
where um,−2 = vm,−2 = um,−1 = vm,−1 = 0 formally.
Now we have to check whether the recursion relations (6) are consistent at
all the resonances. At n = 0, we have um,0 = 2/vm,0 with arbitrary nonzero
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constants vm,0, m = 0,±1,±2, . . . , and no compatibility conditions arise. Next
we obtain
um,1 = vm,1 = 0 (7)
and
um,2 =
2
3vm−1,0
−
2
3vm+1,0
+
vm−1,0 − vm+1,0
3v2m,0
,
vm,2 =
v2m,0
6vm+1,0
−
v2m,0
6vm−1,0
+
vm+1,0 − vm−1,0
3
(8)
from (6) with n = 1 and n = 2, respectively; m = 0,±1,±2, . . . . At the
resonance n = 3, we obtain
vm,3 = −
1
2
v2m,0um,3, (9)
where um,3 are arbitrary constants, m = 0,±1,±2, . . . , and again no compati-
bility conditions arise. At the highest resonance, n = 4, however, the recursion
relations (6) fail to be consistent, and the infinite set of compatibility conditions
v2m−1,0
vm,0vm−2,0
+
2vm,0
vm−2,0
+
2vm−2,0
vm,0
+
vm,0vm−2,0
v2m−1,0
+
v2m+1,0
vm,0vm+2,0
+
2vm,0
vm+2,0
+
2vm+2,0
vm,0
+
vm,0vm+2,0
v2m+1,0
−
2v2m,0
vm−1,0vm+1,0
−
4vm−1,0
vm+1,0
−
4vm+1,0
vm−1,0
−
2vm−1,0vm+1,0
v2m,0
= 0 (10)
arises there for the infinite set of constants vm,0, m = 0,±1,±2, . . . .
Since we have obtained the nontrivial compatibility conditions (10), we have
to modify the singular expansions (5) by introducing appropriate logarithmic
terms, starting from the terms proportional to φ3 logφ [3, 4]. The appearance of
such logarithmic terms, however, is generally believed to be a clear symptom of
nonintegrability [4]. For this reason, we conclude that the differential-difference
equation (1) should not be expected to be integrable.
3 Discussion
We have studied the integrability of the differential-difference equation (1) by
means of the Painleve´ test. The singularity analysis has brought us in a simple
and straightforward way to the same conclusion as made by Levi and Yamilov
who used the higher symmetry approach [2], namely, that the new discrete
nonlinear Schro¨dinger equation (1) introduced by Leon and Manna [1] must be
nonintegrable.
There is one more outcome of our research. As a byproduct of the sin-
gularity analysis carried out, we have obtained the new discrete (difference)
equation (10), which can be written in the following more compact form using
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the notation zm = vm,0, m = 0,±1,±2, . . . :
z2m−1
zmzm−2
+
2zm
zm−2
+
2zm−2
zm
+
zmzm−2
z2m−1
+
z2m+1
zmzm+2
+
2zm
zm+2
+
2zm+2
zm
+
zmzm+2
z2m+1
−
2z2m
zm−1zm+1
−
4zm−1
zm+1
−
4zm+1
zm−1
−
2zm−1zm+1
z2m
= 0. (11)
An interesting conjecture formulated by Weiss [5] states that the differential
constraints which arise in the singularity analysis of nonintegrable equations
are themselves always integrable (see [6, 7] for further discussion on this con-
jecture). Therefore we predict that the discrete equation (11) is integrable, and
we would like to attract attention of experts in discrete systems to the problem
of integrability study for this new equation.
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